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By means of operator algebraic methods the dynamics of the Dicke model is investigated in the 
limit where the number of the two-level atoms goes to infinity and the interaction strength remains 
on a finite level. The infinite atomic system is treated as a mean field quantum lattice system. It is 
shown that the limiting dynamics is essentially determined by the collective behaviour of the atoms. 
With Trotter's product formula and perturbation theoretical methods we obtain explicit expressions 
for the unitary time evolution operators in the uncoupled representation. 

1. Introduction 

The Dicke model consists of a large system of two-
level atoms interacting with the radiation field, and 
goes back to the original work by Dicke [1]. In quan-
tum optics the model usually is treated with finitely 
many atoms and finitely many modes of the electro-
magnetic field. Here we perform the infinite atom limit 
(thermodynamic limit) and include arbitrarily many 
modes of the field, which is quantized in an arbitrary 
region of the euclidean space IR3. In the limit the 
coupling strength is rescaled on the level of finitely 
many atoms, which one may interpret as a weak cou-
pling of a reservoir of macroscopically many atoms to 
the radiation field. The macroscopic preparation of 
the atomic reservoir is characterized by the (sharp) 
values of the cooperation and excitation degrees of the 
two-level atoms. 

In [2] for the same problem Davies investigated a 
peculiar kind of infinite atom limit. Regarding each 
two-level atom as a spin-l/2-system, the limit is there 
performed along a sequence of eigenstates of the total 
angular momenta, which are selected according to the 
given limiting cooperation and excitation numbers. 
In the course of the limiting procedure the atomic 
degrees of freedom are eliminated and an irreversible 
dynamics for the restriction to the photon field is ob-
tained. 

Contrary to [2] we here consider the infinitely many 
two-level atoms as a system for its own and treat it as 
a mean-field quantum lattice system [3-5]. Its repre-
sentation is selected according to the above macro-
scopic preparation, which is determined by the chosen 
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cooperation and excitation numbers. In the infinite 
atom limit we now get the reversible dynamics of the 
total system, the infinitely many atoms plus the radia-
tion, and not only the irreversible one for the photons. 
We also clarify in which sense in [2] the classical be-
haviour of the atoms comes into play. For our treat-
ment of the dynamical problem we use methods 
totally different from those in [2]. In Section 4 we will 
return in some more detail to the relationship between 
[2] and the present work. 

Having found the limiting dynamics it is possible to 
calculate the emitted radiation (cf. also [2, 6]). For an 
arbitrary (normal in the representation) initial state 
the radiation should become coherent for large times 
[7]. The coherence properties should be induced by 
the collective behaviour of the atoms (cooperation 
and excitation numbers). Such an investigation, how-
ever, is deferred to a subsequent work [8]. 

We now turn to a more detailed description of the 
model and the present work. For example let us 
consider the quantized electromagnetic field in the 
whole euclidean space IR3. With the spin operators sk

n, 
k e {1, 2, 3, + , —}, for the n-th two-level atom the 
Dicke Maser Hamiltonian for N atoms in the rotating 
wave approximation is given by 

N 
HN= Z ES3„ ®t + t® HS 

n= 1 

+ I fcr ®a*(ct>) + s:®a(cf>)). ( 1 . 1 ) 
JV n= 1 

Here e > 0 is the level-splitting energy of each two-level 
atom. HS, a*(</>) and A((F)) denote the free Hamiltonian, 
the smeared creation resp. annihilation operators of 
the photon field in position space. In momentum 
space they are expressed by X j 1^1 a*<z ak,x d3k, 
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£ f $a(k) < a d3/c, resp. X j <j>a(k) a d 3 k , where a*a 
X X 

is the creation operator for the mode k e R 3 with 
polarisation oc. The values 4>(k) e C 3 express the cou-
pling constants between each atom and the field mode 
k e IR3, they are calculated from the wavefunctions for 
the two energy levels of the considered type of atoms 
or molecules. </> is the Fourier inverse of the coupling 
function $ : ]R3-> (C3. It is V • = 0. 

In the Hamiltonians HN, N e N , the weak coupling 
yields the factor N'1, so that in the limit N->oo the 
coupling strength remains on the level of A > 0 atoms. 
This contrasts with [9, 10, 11], where the coupling is 
taken as N~1/2. 

In Sect. 2 we introduce the free infinite atomic system 
as a mean field quantum lattice system. The system is 
characterized by three independent macroscopic ob-
servables, which are given by the cooperation and 
excitation degrees, and some kind of collective phase. 
According to choosen sharp values of the (global) co-
operation and excitation numbers, rj resp. y, we now 
motivate the representation 77a = n ^ y of its associated 
C*-algebra. Then the collective behaviour of the atomic 
system in the representation 77a is only expressed by 
the macroscopic phase angle S e [0, 2n[ . Further we 
discuss the limiting dynamics for the free atoms (due 

N 

to " lim X e sn "X a n d in the dynamically invariant 
Af-oo n = 1 

representation /7a we state its generating Hamiltonian, 
which is the renormalized energy operator for the free 
atomic system. 

Section 3 is devoted to the photon field. We start 
from an operator algebraic point of view and use the 
Weyl algebra as the photonic observables. For the 
relevant representation we choose the Fock represen-
tation n F , since we assume to be present only some 
few photons at time zero. However, our methods also 
work in other representations, e.g. in the temperature 
representations (cf. e.g. [12]), or in the representations 
over macroscopic coherent states [13, 14]. 

The limiting dynamics of the Dicke model (due to 
" lim HN") is presented in Section 4. In terms of per-

N — oo 

turbation techniques we prove its existence in the rep-
resentation f l a ® n F . It follows that in the limit the 
photons are coupled to the classical part of the atomic 
system. By combining the perturbation expansion 
with Trotter's product formula the unitary time evolu-
tion operators are obtained in an explicit closed form. 
From these expressions the cocycle equations of 
Davies [2, 6] are deduced. In this way Davies' treat-

ment of the model is incorporated into the general 
scheme of operator algebraic model studies. 

In the Conclusions (Section 5) we shortly compare 
our techniques with somewhat related model discus-
sions and with Dicke's intuitive idea about the origin 
of coherence. 

2. The Atomic System 

We give here a short self-contained description of 
the infinite atomic system and its free dynamics using 
the methods, which have been developed in [3, 4], 
and [5]. 

The two-level atoms are indexed by the natural 
numbers n g N . The set of all finite subsets of N 

i f := {A cz N | Ml < O O } , 

where | A | denotes the cardinality of A, is directed by 
inclusion. The observables of one atom consist of the 
lowering and rising operators o± = a1 ± i f f 2 and the 
number operator a3 , the algebraic span of which are 
all of the complex 2 x 2-matrices M 2 (<jk, k = 1, 2, 3, are 
the usual Pauli matrices). Thus the observables for the 
atoms in the finite lattice region A e i f are given by 

j*(A):= (x) M 2 , 
ne A 

and for the infinite atomic system by (the C*-inductive 
limit [15]) 

si\= (X) M 2 . 
n e n 

si is an antiliminary C*-algebra and has many in-
equivalent representations [16]. The local algebra 
si (A), A e i f , are embedded into si by adjoining the 
unit H2 of M 2 at the lattice points n $ A. 

The embedding of \ ffk into the «-th factor of s i is 

s* := 1 2 <g> • • • <g> H2 <g> \ ffk <g> H2 <g> • • • e si, 

position n k E {1, 2, 3, + , — } . 

Regarding each two-level atom as a spin-l/2-system 
the total angular momentum observables and their 
densities for the atoms in the region A e i f are 

with the vector squares 
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The Hamiltonian for the independent atoms with 
indices in A e i f is (after dropping a renormalization 
constant) 

AÄ = \A\ej3, AeJ?, (2.1) 

where e > 0 denotes the level-splitting energy. This 
and the atomic coupling operators j \ in the inter-
action of (1.1) are invariant under permutations of the 
atomic numbering in A which is typical for mean field 
systems. 

Kinematical Structure 

The basic strategy to deal with such a system is to 
consider first not the whole of all states Sf(sä) = Sf of 
sä but the set Sfp(sä) = S f p of all permutation invari-
ant states, which is a convex, weak*-compact subset 
with the extreme boundary de<Sfp. The states in Sf p 

represent the collective properties in an idealized man-
ner, but the transition to the more realistic folium 

cpv js s m a u e s t norm-closed split face 
of which contains £fp , is easily performed. We refer 
permanently to the subsequent results of Stormer [18], 
in the formulation of which we make use of the well-
known affine homeomorphism between the states 
^ ( M 2 ) on M 2 and the ball Km := {x e R311| x || < 1/2} 
given by 

e s <?(M2) ^ (<c; i (T1), <K j o2), (g; j a3)) e K1/2 . 

The following results reveal K1/2 to be the classical 
phase space of the atomic system, which expresses the 
collective behaviour of the infinitely many two-level 
atoms. 

Proposition 2.1. The following assertions are valid: 

(a) For a state oo on sä are equivalent 
(i) coed e Sf p ; 

(ii) co g yp and co is factorial; 
(iii) a> = (x) Q for some q e Sf(M2). 

n e N 

(b) The map IP: = K1/2, ® e^Q 
n e N 

defines a o(sä*, sä) — || • \\-continuous homeomor-
phism. 

(c) The map 

peMl(Kl/2) i-> f ^ ( r P ^ ^ p - ^ e ^ 

defines a o(sä*, sä) - a(<#(Kl/2)*, V(Kir^-con-
tinuous, affine homeomorphism P from £PP onto the 

state space Sf (Km)) = M\.(Kll2) (probability 
measures on Kl/2) of the continuous functions 

on Kl/2. Moreover, the measure P( to) 0 IP 
is just the central measure of coe £ f p , which is con-
centrated on de£fp. 

In the above sense the convex set y p is affine-iso-
morphic to the Bauer simplex M\(Klj2), and hence 
the compact boundary set d eSfp is just the point mea-
sures on Kl/2, that is, Kl/2 itself. 

In the partially universal representation FIP of sä 
associated with (consisting of the sum of G N S 
representations over the states in 3?p) the limits 

jk := s-hm np(jk
A), k £ {1, 2, 3, + , — } , (2.2) 

exist in the strong operator topology and are elements 
of the center 2 t p of the von Neumann algebra J l p := 
np(sä)". By [5] Theorem 2.1 there is a *-isomorphism 
& from <^(Ä^1/2) onto the smallest C*-algebra 
j V p cz M p containing ,j2 ./j}» which carries over 
the coordinate functions nk: A^1/2<-»lR, xi—> xk to jk 

for k= 1 ,2,3. JVp (resp. <€p(Kl/2)) determines the 
classical behaviour of the atomic system. 

Every co e can be considered as a normal state 
on J t p (in the following we will do so), and thus by 
restriction as a state on JVp, and hence co e in-
duces via the ""-isomorphism 1 a state on K l / 2 ) 
which we denote by v„ e M\(Klj2). The support 
supp(v(0) of the measure v^ is by definition a closed 
subset of K 1 / 2 . The classical state v^ is the probability 
distribution of the macroscopic parameters in at e 3Fp. 
If XGzj\rp is the <f-image of Ge<#(Kl/2) then the 
associated expectation value for co e 3FP is given by 
the integral {co; XG) = J G(x) dvm(x), more specifi-

Xl/2 
cally, if P^ ' i ,j2,j3) is any polynomial in the (commut-
ing) macroscopic operators j\ ,j2 ,j3 e JVp one has 

<co-,P(jlJ2J3)>= | P(x) dv t 0(x). (2.3) 
Xl/2 

According to Proposition 2.1 it is v,,, = lP(co) for 
coe^p. 

Cooperation and Excitation Numbers 

Let us consider a fixed A e if and an arbitrary state 
Q on the local algebra sä (A). Then commonly the 
cooperation number RJE e [0, 1] associated with Q is 
defined by 

< e ; J S > = : 5 ! i d i ( ü M + 1 ) . 



1046 R. Honegger et 

rje determines the degree how strong the \A \ spins in 
the state Q are coupled in order to build up a "total 
angular momentum". The excitation number ye e [0, 1] 
of 

< e ; J j > = : 

gives the ratio of the \A \ atoms in the upper level [1], 
Now we extend the above notions to the infinite 

atomic system. We use the observable densities and 
j\, A e if, and define the local cooperation and exci-
tation numbers, rjA resp. y™, of the state co e Sf by 

1 
2 \2 \A| 

for each A e i f , and the global ones by the limits 

r : = lim »fl, 
A e & 

y03 := lim y? , (2.4) 

which exist for each co e because of (2.2). The 
Cauchy-Schwarz inequality yields 

| y - - i | 2 = <co;./3>2< <«;( / i )2> < <co;y2> 

2 
< 1 
2 IA 

4 < 
r," 

from which for the limits (2.4) follows | y° 
z 

Here rj03 and y™ are given by the expectation values of 
the macroscopic operators j2 = (j\)2 + (j2)2 + (/3)3 e JV" 
and j3 e Jrp in the state co (cf. (2.2) and (2.3)): 

t 
2 

<(o;j2} = \ | |x | |2dv c o(x) = 
X 1 / 2 

<®;;3> = J x3dvjx) = y » - l 

These considerations motivate a new parametrization 
of the classical phase space Kl/2 by means of the 
parameters cooperation rj, excitation y, and phase 
# e [0, 2 7t [: 

i : = 2 || x 

cos($):= 

y : = x 3 + ± 

]/x2+x2 ' 
sin (5) := 

VÄ+ x2 
X2 

(2.5) 

Observe rj, y e [0, 1] with |y - < y . 

In the following let us consider some fixed, but 
arbitrary, parameters of cooperation and excitation, rj 
resp. y. Denote by y the set of all states co e 2PP with 
sharp cooperation number = ^ and sharp excitation 

al. • Perturbat ional Dynamics of the Infinite Dicke Model 

n u m b e r yw = y, t h a t is, w i t h v a n i s h i n g v a r i a n c e s 

<co; ( j 2 - < c o ; y 2 » 2 ) = 0 , <co; ( j 3 - < c o ; y 3 » 2 ) = 0 . 
(2-6) 

Lemma 2.2. We have 

j r y = (co g | supp (v J E g 3 I»-1 (Mi(T„, ,)), 

where Tv y = {x e IR311| x || = r]/2, x 3 = y —1/2} c Kl/2, 
J^ y is a subfolium of which is maximal in the sense 
of [5]. 

Proof: Consider an and the Hilbert space 
L2 (Km, v j with unit vector w(x) = 1. Using the *-iso-
morphism $ and the coordinate function 7i3: R 3 -> R , 
x h->x3, (2.6) may be rewritten as 

| | ( | | - | | 2 - M 2 ) w | | 2
l 2 = { ( | |x| |2-(>//2)2)2 dv£O(x) = 0, 

Kl/2 

| | ( 7 r 3 - ( y - l / 2 ) ) w | | 2
L 2 = j (x3—(y —1/2))2 dvco(x) = 0, 

x 1 / 2 

from which it follows that w is a simuiltaneous eigen-
vector for the multiplication operators || • ||2 and n3 . 
We get || x || = rj/2 and x 3 = y — \ for v^-almost all 
x e Kl/2 showing vö being concentrated on Tny. Ob-
viously IP~1{Ml{T r i y)) a and the assertion is 
proven. • 

Dynamical Structure 

The local Hamiltonians (2.1) generate the local 
Heisenberg dynamics on j / 

<xf(.) = exp{itAÄ} • exp{ — itAA} 

for each t e R and A e if. We have the following re-
sult. 

Proposition 2.3. There is a unique C*-dynamics (a t) t e R 

on j / such that 

a,(AO = || • ||-lim ocf(X) W e R V l e J ' . 
AeSf 

The dual group (a*)(eR leaves , S f p , andde^p 

invariant, and acts on 9>p and deSfp as 

1 * = V q>t*° P , cc*\SeyP = F~l ° (pt°JP, 

where (p**: M\(Km) -* Ml(K1/2), p i-> p 0 % 1 with 
the flow (pt on Kyj2 defined to be the rotation around the 
x3-axis with velocity e, that is 

<Pt(x) = 

cos (e t) — sin (e t) 0' 
sin(e t) 

0 

cos (et) 0 
0 1, 

1 
x2 

\ x j 

x e Km . 
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Because of a* y) = _ y each a t extends in the 
representation FIn y associated with the folium SFn y to 
a W*-automorphism a, on M^ y = <y{sä)", which 
solves the problem of the free atomic limiting dynam-
ics completely for the interesting states with sharp 
cooperation and excitation numbers. However, since 
|| af (<u) — co || = 2 for t ^ kin, keZ, and co = P(x) 
with x e K 1 / 2 being not on the x3-axis, the group 5.t, 
r e R , is not a W*-dynamical system, and consequently 
not implementable by a unitary group on an appro-
priate representation Hilbert space (e.g. the standard 
representation), which is strongly continuous. 

To overcome this difficulty we concentrate our fur-
ther effort on the covariant subfolium ^J 1 ' y = SFa of 
^ y which is generated by the ar*-invariant state 

( o y = a ) a : = V - \ X ) , (2.7) 

where X = kn '7 is the normalized Lebesgue measure on 
the circle line Tv r / is the point measure, if the radius 
of Tn y, 

ßv,y = ß := j/(^/2)2 — (y — 1/2)2 , (2.8) 

is zero. Observe IP e ?Fa for each /x e Mi(T„ y) 
which is absolutely continuous with respect to I , and 
which demonstrates the folium being big enough 
for the relevant classical structure. consists just 
of the normal states of the G N S representation 
( n a , t f a , Q a ) of coa. 

By standard arguments there exists a unique self-
adjoint operator A in with 

AQa = 0, na(*t(X)) = eiM na(X) e~itA (2.9) 

V t e R V l e ^ . 

A obviously is the renormalized energy operator of 
the free atoms. To obtain more information about A 
we have to realize ( I l a , J t a , Qa) explicitely. It is [19] 

3fa = jr0®L2(Tn<y,A), Qa = £ 0 ® w , 
© 

n„ — J ^ d ^ o i P M ) (2.10) 

with a separable infinite dimensional Hilbert space 
and a unit vector e J f 0 , which follows from the fact 
that X ° P is the central measure of coa e 9'p by 
Proposition 2.1 (w denotes the constant function 
w(x) =1). The associated von Neumann algebra and 
its center are given by 

Jta = Fla{sä)" = JtQ® X), 

£?a=JfanJTa = t0® L°°(T„>y, X) (2.11) 

with the factorial von Neumann algebra J t Q acting on 
with the cyclic vector £ 0 . is of type IIIX with 

X = r\/2 + 1/2 if >7 4= 1 [17], and J t 0 = for V = 1-
The second factor in the tensor products (2.10) and 
(2.11) represent the classical structure of the atomic 
system with respect to the representation Tla, resp. the 
folium 

Since FIa is a subrepresentation of np the local 
densities j\, A e converge in the strong operator 
topology (cf. (2.2)), s-hm Ila(jk

A) = c(IIa)jk, ke{ 1, 2, 3, 

+ , —}, where c(/7J e 2tp is the central projector 
associated with the subrepresentation /7fl < np. In the 
above parametrization (2.5) of KI/2 for TN y (remember 
that rj, y are fixed) only the phase angle 3 e [0, 2 n [ may 
vary, hence L2(T„y , A) = L2([0, 2n[, dS/2n), and one 
obtains with the radius (2.8) 

B\ X = B± .= c(na)j± = t0 ® ß exp { ± i &}, 

c(na)j3 = ( y - 1 /2 )1 . . (2.12) 

With the above preparation the operator A is 
given by 

Proposition 2.4. For X e sä (A), Ae<£, and Fe W 1 ^ y) 
we have na(X) (ll0 ® F) Qae @(A); such elements form 
a core for A, and 

A(na(X)(t0 ® F) Qa) = [FIMA\ na(X)] ( 1 0 ® F) Qa 

( £ d F \ 
+ n a ( X ) l t 0 ® - — j n a . 

Proof: [20], [19], cf. also [21], • 

As a consequence of Proposition 2.4 the unitary eitA 

leaves the subspace £0 ® L2(T, y, 1) ^ L2(T, y, I ) of 
invariant. The restriction of A to Zo ® L2(T, y,X) is 
just the differentiation operator 

= VFe<T(T„,y) (2.13) 

with periodic boundary conditions, from which follows 

exp {itA} (£0 ® F) = ® exp j i t j ^ - j F 

= Zo ®F°(p?'*. 

Here cpv
t'y denotes the restriction of the flow (pt of 

Proposition 2.3 from K1/2 to TN y, and is given by 

(p1'y(S) = S + et V r e R VSe[0 ,27 i [ . (2.14) 
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If G e L 0 0 ^ / ) denotes the multiplication operator 
with 3 G(3), that is H0 ® G e 2ta by (2.11), then 

exp {i t A} (H0 (x) G) exp {-it A} 

= H0 ® exp j i t | G e x p j - i t | 

= H 0 ® Gocpy, 

which together with (2.12) implies the essential rela-
tions for the collective raising and lowering operators 

exp {itA}B+ exp { — it A} = exp {±its} B+ 

V r e R . (2.15) 

3. The Photon System 

In our interpretation the radiation is supposed to 
consist of photons, but for notational simplicity and 
more general applications we let the emitted particles 
be bosons of unspecified nature. 

The C*-algebra of the photon system is taken as the 
Weyl algebra iV(E) over an appropriate testfunction 
space E - the one-photon resp. the one-boson space, 
[22], £ is a complex pre-Hilbert space with scalar 
product <. | . ) linear in the second factor. iV (E) is 
generated by nonzero elements W ( f ) , f e E, - the 
Weyl operator - satisfying the Weyl relations 

W ( f ) W(g) = exp j - l- Im </1<?> j W(f+g), 

W(f)* = W ( - f ) 

for all f,geE[ 12, Theorem 5.2.8], 
In a regular representation II of i f ( E ) the existence 

of selfadjoint field operators # „ ( / ) , / e E, such that 
n(W{tf)) = exp{it<Pn{f)} V r e IR, is ensured by 
Stone's theorem. The smeared annihilation and cre-
ation operators associated with II 

1/2 

are densely defined and closed. It is an(f)*= a f j ( f ) . 
f h ^ a n ( f ) i s antilinear and / ^ a ^ ( f ) is linear and 
they fulfill the canonical commutation relations (CCR) 

[an(nan(g)] = [a*(f),a*(g)) = 0, 

[an(f),a*n(g)] = <f\g)t Vf,geE 

on suitable dense domains, respectively [12]. 

Let S be the single particle Hamiltonian, that is, S 
is a selfadjoint operator acting in the Hilbert space E 
(the completion of E) such that eitS(E) c E Vt e R . 
The free photon dynamics is then given by the group 
of C*-automorphisms y„ t e R , on the Weyl algebra 
if (E) in terms of the quasi-free Bogoliubov transfor-
mations [12] 

y t m f ) ) = W ( e i t S f ) V / e £ V r e R . (3.1) 

Since || W ( f ) - W(g) || = 2 V / * g there is no point-
wise norm-continuity in the time t of the group 11-+ yt, 
and hence it is no C*-dynamical system. Some weaker 
continuity properties are only obtained in suitable 
representations (cf. e.g. [22]). 

As mentioned in the introduction for the present in-
vestigation we take the Fock representation (/7f,F+(£)) 
of IV(E). F+(E) is the Bose-Fock space over E. We 
denote the usual smeared Fock-Weyl, -field, -creation 
and -annihilation operators by W F ( f ) , <1>F(f), a * ( / ) 
and a F ( f ) , f&E, respectively. Clearly nF(W{f)) = 

In the Fock representation the free photon dynam-
ics is unitarily implementable by means of the com-
mon second quantization dF(S) of the one-photon 
Hamiltonian S [12] (implying continuity time for 
11—>exp{it dF(S)} with respect to the strong operator 
topology) 

nr(v,(Y)) = exp (i t d r ( S ) } nP(Y) exp { - irdF(S)} 

VYeiT(E) V t e R . (3.2) 

4. The Limiting Dynamics of the Dicke Model 

For the atomic system we use here the representa-
tion IIa on J f a of j / from Sect. 2, which is associated 
with the fixed parameters of cooperation and excita-
tion numbers, rj resp. y. 

For the composite system the algebra of observ-
ables is the C*-tensor product si ® W(£) (which is 
unique since si and W (E) are nuclear). In the repre-
sentation IIa ® 77f on the Hilbert space ® 
the local Hamiltonians for the Dicke model are 
given b y 1 

1 In the situation of (1.1) E is a dense subspace of 
L2

d i v(R\ C3) , the transversal vector fields / : J R 3 ^ C 3 , that is 
V • / = 0 in the distributional sense, and S = ]/—A with the 

3 S2 
(selfadjoint) Laplacian A = X j • 
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Ha = na(AA) ®TF + TA® dr(S) 
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=:K, 

+ *{NAUÄ) ® *N<T>) + Na{j+
A) ® aF(0)) 

=:P\ 

with the (arbitrary) coupling function 0 e E and each 
A e i f . 

By Section 2 one expects that in the infinite atom 
limit A -> N the local operators HA should converge 
in some sense to the operator 

H = A ® Hp + TA <g> d r ( S ) 

=:K 

+ k(B_ ® a*((p) + B+® aF((p)). 

=: P 

Before proving the limiting dynamics let us first give 
some results and Dyson expansions associated with 
our Hamiltonians HA = KA + PA, AE J?, and the 
"limiting" Hamiltonian H = K + P. 

Moreover for i\i eD one has the estimation 

|| [t JP), [... [rti (P), t t(C ® WF(g))]...]] * 

<(2 9 / 2 A | | 0 | | ) n l / n ! | |C | 

• || (la ® 23N/2) ip || . 

I 
k = o 

(27/2 M I 
\fk\ 

(iv) The results of (i), (ii) and (iii) are also valid for 
arbitrary A e i f , if we replace H by HA, K by KA, and 
P by PA. Especially the estimation of (iii) is uniform in 
A e i f . However, if (p e &>(S~112) we have a stronger 
result than (i). Then the local operators HA, A e i f , are 
selfadjoint, which is shown by a Kato-Rellich argument 
considering the interaction as a relatively bounded per-
turbation [23], [24] Lemma 4.1. 

Proof: The proof is similar to [25, Theorem 5.2], Ob-
serve \\B±\\=ß<l and \\j~A || < 1 VA e i f . • 

Theorem 4.2. For the Heisenberg dynamics it holds in 
the strong operator topology 

s-lim citIiA Ze'u"A = eitH Z e~itH 

Proposition 4.1. Let D := f ) 9{ta ® ctN), where N is 
a > 1 

the number operator in the Fock space F+(E). It follows 
for an arbitrary coupling function (p e E: 

(i) The operator H is essentially selfadjoint. 
D n 3>(K) is a core for H. 

(ii) Define Ut := ei,K and for t e R and t e IR" let 

Ft
M(t) := Ut_ti PUti_t2 PUt2.t3 P...Utn_1-tnPUtn . 

Then D c (f)) and R " 9 t^*F\n](t) xp is continu-t fi 
ous for each xp e D. If U\n)iP := in f dt, J d t2... 
tn-1 «i=0 t2 = o 

f dtn F}n)(t) \p, then 
tn = 0 

00 
eitHxp = Ut\p + Z V i p e D V r e R , 

n= 1 

where the series converges in norm. Moreover Ut
(n)(D) 

c D and ei,H(D) cD, 
(iii) For each g e E we have (ta ® WF(g))(D) c D. 

Defining Tt(X):=eitKXe-itKand_Tf(X):=eitHXe~itH 

for X = P or X e&(3Va® F+(E)) one has for each 
ip eD and each C e 

f V r 
t nc ® WF(g))iP = Z i" j d t j . . . j d t „ [ t t n ( p ) , [ . 

n = 0 t, = 0 tn = 0 

for all f e R and each Ze(na® nF) (sä ® i f (E)). 

Proof: Since the estimates in Proposition 4.1 (iii) are 
uniform in A e i f and s-lim na(ixA(X)) = eitA na(X) 

AeSC 
• e~itA VX e sä by Proposition 2.3 and (2.9) it is im-
mediate to check 

|| • ||-lim eitIiA(C ® WF(g)) e~itH*ip 
Ae J? 

= eitH(C® WF(g)) e~itH xp V r e R V iPeD. 

D being dense in jTa © F+(E) and LH{C ® WF(g) \ 
Ce sä, g e E] being norm-dense in (i7a © nF) (sä ® 
if(E)) the assertion follows. • 

In the following we derive a closed form for the 
unitary group (e l t H ) ( 6 R . The ultimate reason for this 
possibility lies in the simple relation (2.15) for the 
operators B+ = B*, which are elements of the center 
2£a from (2.11). In [2, §3] the restricted problem is 
solved by cocycle techniques. Here we proceed in a 
total different and more direct way and use a conver-
gent Dyson expansion of e l t H and Trotter's product 

[t t i(P), xt(C®WF(g))]...]]ip. 
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formula. We rewrite the representation Hilbert space where 
® F+{E) as a direct integral [26], [27], [28] 

x(t) = -ß2X2 I m < 0 | Vt(S-e) (py 

jra®F+(E) = Jro®L2([0,2n[,d3/2n)®F+(E) = -ß2X2 J du J d i>Im<e ' ( S - £ ) »0 |e i ( S - £ ) u 0>eR, 

~ ® J 2 . 1 F + i E ) 2 n • f i t , = -1/2 fik e " " 0t(S-s) 0 

Based on this isomorphism we obtain the second main == ]/2 ß ^e 19 j due ' ( S £)" 0 e £ , 
result of the present paper. 

with the bounded functions on the real line 

Theorem 4.3. The unitaries e " H are given for each ip^ _ e * ~ * ~ i t y q ^ _ e y ye]R relRfry ' iiy)2 ' iy 

[ffi J Q~| 

H ® f QU{t)W ( fit #)) — FeiM (x)e i tdr<5)l Proof: For the proof we need several steps. 
^ [0.2. [ 2n\V w J ' (i) Observing (2.12), (2.15) and e ' ' d r ( S ) aF(g)e~" dr(S) 

= aF(eltS g), on the elements from D we obtain with 
the expansion of Proposition 4.1 (ii) 

eitH e- i tK = £ r j j d h j p j e i , v * p e - i t v « j 

" = 0 f„ = 0 t,= 0 (_v= 1 J 

= I I" J dt„... | dt, ^ n A(IB_ <g) a* (e a ^ ( S - £ ) 0) + 5 + ® flF(ei,v<5-£)0)) " = 0 t„ = 0 ti = 0 (,v=l 
OO ' '2 „ e JQ 

= I in f d 1 d / ^ H o ® j y 
" = 0 (n = 0 f!=0 v=l [0,2tc[ 

r dd 00 'f *r f * /— \ 
= l o ® J - I i " f d t „ . . . { dt! n e i t v d r ( S " £ ) ^ F ( l / 2 A i S e - ' ' 9 0 ) e - ^ d r ( 5 - £ ) 

[0,2n[ „=1 (n = 0 (J = 1 \ V = 1 y 

w dS1 

= 1 0 <g> j — e x p { i r ( d F ( S - e ) + < M l / 2 ^ e - ' Ä 0 ) ) } e " i , d r ( S - £ ) . 
rn w r Z n [0,2?t [ 

(ii) Here we calculate the term exp{ir (dF(T) -I- (<?))} by use of Trotter's product formula [29, Theo-
rem VIII.31] (T is an arbitrary selfadjoint operator on £ and g e £), which yields in the strong operator topology 
(observe exp{i4>F(/)} = WF(f)) 

exp {it(dr(T) + <PF(0))} = s-lim (exp {i(t/n) dF(S)} WF((t/n) g)n. (4.1) 
n -» oo 

We first calculate the right hand side for finite n e N and then turn to the limit n -»oo. By (3.1) and (3.2) we have 
exp { i t d£(T)} WF(h) exp {-iz d F(T)} = WF(QizT g). Thus with the Weyl relations we get 

[exp{i(f /n)dr(T)} WF((t/n)g)]n = I I exp{i/(t/n) dF(T)} WF((t/n)g)ap{-il(t/n) dF(T)} 
. '=1 

ft WF((t/n) e i i W">T0)J [exp{it dF(T)}] 

[exp{it dF(T)}] 

= exp | - 12 Im i g | 0<">(T) <?> i WF(r 0<">(T)0) [exp {ir d£(T)}] 
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with the functions 

Z eir(t,n)y 

n /=1 r=1 
and 

0<">(y):=- Z e , i ( ' / n ) y , y s I R . 
n ,= i 

Obviously || (A'n) IL < f and || 0<n) IL < 1 Vn e N. 
Moreover 

f f v l 0 (v) 
lim ,/,;»>(y) = - ^ , lim 0<">(y) = - ^ - V y e R , n -> oo f n -> oo t 

from which with the spectral calculus follows 

lim | | t 0<">(T)0 -6> ( (T )0 | | =O n oo 

and similar for iA|n)(T). Hence, using the continuity of 
/ e £ i - * W p ( / ) in the norm and the strong operator 
topology, [12, Proposition 5.2.4(4)], it follows from (4.1) 

exp{ir (dF(T) + $F(g))} 

= exp j - j Im(g | Vt(T)g>J *FF(<9t(T)0) 

• exp {if d r ( T ) } . 

(iii) Inserting the result of (ii) into the one of (i) yields 
the assertion. The integral expressions for x(t) and 
/ ( f , #) follow by direct calculations. • 

A first link with [2] is given by the following corol-
lary, which one easily checks by use of the integral 
formulas of x(t) and f ( t , 9) of the above Theorem. 

Corollary 4.4. The functions x: R - > R , tt->x(t) and 
f . R x [0, 2 n [ E, (t, S) t-+ f ( t , 9) from Theorem 4.3 
satisfy the cocycle equations 

f(s + t, S)=f(s, S) + eisSf(t, v+'m, 

x(s + t) = x(s) + x ( f ) - ± Im </(s , 3) I e i s S f ( t , tf - '(*))> 

for all S e [0, 2n[ and each s,te R , where (p1'y(S) = 
S + et is the flow of( 2.14). 

In order to give the link to the results of [2], espe-
cially Theorem 3.8, we restrict the unitary dynamics 
( e " " ) , e R , which is originally formulated on 
J f a ® F+(E) = Jf0® L2([0, 2n[, dS/2n) ® F+(E) to the 
subspace 

(x) L2([0, 2n[, d3/2n) ® F+(E) 

S L2([0, 2tt[, dS/2ri) ® F+{E) =: J f , 

where £0 is from (2.10). 

Proposition 4.5. For each t e R the unitary eitH leaves 
the subspace Jf of Jfa® F+(E) invariant. The genera-
tor H on JT of the restricted strongly continuous group 
(e""WteR is given by 

_ e d 
H = ~ — ® l f + Hl2 (x) dF(S) 

i dy 

+ ® af((f>) + e i S <g> aF(0)), 

where ß is the radius ofTn y from (2.8), and the e±l9 are 
considered as multiplication operators with the func-
tions 9Me±i8. 

Proof: This is an immediate consequence of Proposi-
tion 2.4, the formulas (2.12) and (2.13), and Theo-
rem 4.3. • 

Obviously Proposition 4.5 states the connection of 
the present investigation and [2], [6] mentioned in the 
Introduction. It is seen that by the methods of [2] only 
the classical part of the atomic mean field system is 
grasped in a somewhat ad hoc way. 

From Proposition 4.5 the irreversible limiting dy-
namics Tt(g) for the photons of [2, Eq. (1.8)] is obtained 
in the present context by the operations 

T{(Q) = M [ e " ^ ( | w ) < w | ® 

= M [ e i f H ( | ß 0 ) < ß . | ® Q) e ~ " H ] , 

where Q is an arbitrary density operator on the Fock 
space F+(E), Qa = ® w is the cyclic vector (2.10) of 
the state coa from (2.7). M denotes the partial trace 
from Tr+(Jf) onto Tr|(F+(£)), whereas M is those from 
Tr|(Jf a ® F+{E)) onto Trj(F+(£)) averaging out the 
atomic states. 

5. Conclusions 

The above model discussion belongs to the rare 
non-trivial examples of a convergent perturbation 
theory for Bosons interacting with matter. Thus the 
treatment is naturally divided into three parts: 

(1) The atomic system is realized in the representa-
tion, which belongs to the sharp preparation of the 
cooperation and excitation numbers. The weak clo-
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sure of the represented atomic algebra is shown to 
have a non-trivial center consisting of the functions of 
the macroscopic phase angle. The macroscopic phase 
rotates with a velocity which is given by the atomic 
level-splitting. 

(2) The free Boson system is realized in the Fock 
representation and obeys a quasi-free dynamics. In 
this vacuum sector the number of Bosons is smaller 
than macroscopic. 

(3) The coupled system is realized in the product 
representation of the free systems. This is only possible 
by the N~ ^scaling of the coupling, where N is the 
number of the atoms. In the limit N oo this scaling 
renders the atomic coupling operators to (bounded) 
central elements. Since the Bosonic coupling opera-
tors are unbounded, the convergence of the perturba-
tion series is not quite trivial and rests on results of 
[25], [24], The coupling is still strong enough to shift 
the atomic collective ordering structure to the Bosons. 
In a subsequent paper [8] we show that the time 
asymptotic Boson states constitute a coherent radia-
tion with maximal spectral density at the unrenormal-
ized resonance frequency. 

The closed expressions for the unitary translation 
operators are here a consequence of the thermody-
namic limit. For finite atomic systems the perturba-
tional treatment would be also possible by means of 
the techniques used in the present investigation, resp. 
in [25], [24]. But only in the simplest case of one atom 
with level-splitting zero one obtains closed expres-

sions for the unitary time translations [30-32] (where 
in the two latter references one treats the (bounded) 
free atomic Hamiltonian as a "perturbation"). 

Some aspects of the infinite Dicke model with the 
N_ 1 / 2-scal ing were elaborated in [9]. As far as we 
know, the asymptotic radiation of this model has not 
yet been evaluated, and it is not clear, which of the 
scalings fits better to the physical effect of superradi-
ance [33]. In the present investigation, which in con-
trast to [2] treats both subsystems on the same level, 
Dicke's original idea about the origin of coherence is 
confirmed in a concise manner: in certain prepara-
tions the macroscopic atomic system exhibits collec-
tive variables, especially a macroscopic phase. This 
aspect enters the theoretical description here by the 
choice of the representation of the atomic observable 
algebra. Every atomic initial state of this representa-
tion may have arbitrarily many uncorrelated one par-
ticle phases but is nevertheless a relatively small devi-
ation of a collectively ordered state. The interaction 
shifts the macroscopic phase to the photon side. More 
precisely, the exact model study of the present and the 
subsequent paper [8] gives a detailed picture how the 
collective atomic ordering influences the radiation dy-
namics ending up with a coherent photon state. 
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